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Let H denote the class of C2 solutions of the heat equation 
A function u(x, t) E H may be regarded as the temperature, at the point x 
and the time t, of an infinite insulated rod extended along the x-axis in the 
xt-plane. Various characterizations have been derived for temperatures 
which have representations in integral or series form. The major contributions 
in this direction have been made by D. V. Widder. 
It has long been known that a solution of (1) satisfying the condition 
is representable by the Poisson integral 
4x, t) = --& exp (- 2) . (3) 
The familiar example (x/t) R(x, t), a temperature which tends to zero with t 
for every x, highlights the problem of uniqueness and illustrates the fact that 
uniqueness conditions cannot be imposed on+ alone. In the 1920’s and 1930’s, 
a number of investigators, including Doetsch [4], Goursat [6], Tacklind [l I], 
Titchmarsh [12], and Tychonoff [13], d ea It with the question of uniqueness 
by imposing various restrictions on the behavior of the function U(X, t) in 
the neighborhood of x = i co. In seeking to establish the Stieltjes analogue 
of (3) for temperatures which are positive for positive time, Widder, in a major 
paper [14] in 1944, proves that there cannot be a positive solution of the heat 
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equation which vanishes for time zero. With this result, he shows that a 
necessary and sufficient condition that U(X, t) be a nonnegative member 
of H for 0 < t < c is that it have the Poisson-Stieltjes representation 
u(x, t) = jm qx -Y, t) ddy), O<t<c, (4) 
--cc 
with a(y) a nondecreasing function. 
This important Widder representation theorem has had wide application 
in the work of others. In [8], Pollard uses the result to establish the uniqueness 
of the solution of (1) and (2) with the addition of only the one-sided bound- 
edness condition U(X, t) 3 - M > - co. Hirschman in [7] appeals to the 
Widder theorem in order to generalize an early result of Appell [l] that a 
temperature U(X, t) for which 0 < U(X, t) < M for - co < t < c must be a 
constant, weakening the conditions on the temperature u by replacing the 
upper bound by the restriction 
where M(r) >, 1.u.b. U(X, t) for j x 1 < I, t = c. Reference to the Widder 
representation is made also in [2] where Birkhoff and Kotik establish the 
uniqueness when the heat H(a, b; t) = si U(X, t) dx rather than the temper- 
ature U(X, t) is prescribed initially. They prove that a temperature U(X, t), 
for which 1 H(0, x; t)l < KeN*‘, 0 < t < c, H(0, x, t) + 0 with t for almost 
all x, must be identically zero for 0 < t < c, thereby strengthening an earlier 
result of Cooper [3] who requires that, instead of the heat tending to zero, 
si g(x) U(X, t) dx + 0 for all bounded integrable g(x). 
Aside from uniqueness criteria, additional representation theorems have 
evolved from that of Widder’s. In particular, in [5] Gehring proves that a 
necessary and sufficient condition that u have the representation (4) for 
0 < t < c, with the integral converging absolutely, is that IJ be a temperature 
in the strip and that 
O<t<b --m 
k(x, b - t) 1 u(x, t)l dx < co s 
m 
sup 
for all 0 < b < c. He uses this result to offer an alternate proof of another 
representation theorem due to Rosenbloom and Widder [lo] which states 
that u has the representation (4) in 0 < t < c, with 
s m k(x, c) I da(x)/ ,( M < co --m 
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iff u is a temperature for which 
I -m k(x, c - t) / u(x, t)l dx < M for 0 < t < c. -cc 
In [15], Widder obtains a new characterization of temperatures which are 
representable by Poisson integrals. He imposes boundary conditions on the 
temperature u(x, t), requiring that ~(0, t) and ~~(0, t) be given by certain 
basic integral transforms in order to guarantee the validity of the representa- 
tion (4). 
Although temperatures which are positive for positive time have the repre- 
sentation (4), a subset of these functions may be expressed in terms of the 
Fourier integral. Indeed, in [16, 171, Widder shows that a necessary and 
sufficient condition that u(x, t) be given by 
24(x, t) = Irn &W-Y’~ $(y) dy, o<t<co, (5) 
--m 
with r+(y) positive definite, is that u be a nonnegative temperature there 
satisfying the condition s”a u(x, to) dx < co for some to > 0. The Stieltjes 
form of (5) is given in [20], where it is proved that a temperature u(x, t) has 
the representation 
u(x, t) = Ia eisy- @ dol( y), o<t<co, (6) --m 
with or(y) nondecreasing iff, for each t > 0, u is entire in the complex x-plane, 
and nonnegative on the imaginary axis of that plane. Conditions imposed on 
the boundary values of U(X, t) as t -+ 0+ yield the variation that a function 
u(x, t) has the representation 
u(x, t) = cm e-@ cosyx da(y), o<t<q 
Jo 
with or(y) nondecreasing and bounded iff u is a temperature for which 
u(x, t) > - M and U(X, 0+) exists, is even, and is positive definite. 
Temperatures which are positive for all negative time such as et cos x are 
shown in [16, 171 to be representable in terms of the Laplace integral; indeed, 
u(x, t) = s”, P+Q’~ da(y), - co < t < 0, (8) 
with a(y) nondecreasing iff u is a nonnegative temperature for - cc < t < 0. 
This representation may be applied to re-establish the earlier result of 
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Hirschman [7] concerning temperatures for negative time which turn out to 
be constant because of restricted growth properties. Temperatures U(X, t) 




u(x, to) ez2/4to dx < co 
--m 
for some t, < 0, have the integral representation 
u(x, t) = jm WY+&--t)$(y)dy, ---cottO, (9) 
-m 
with + positive definite, and conversely. 
In addition to characterizing temperatures which have various integral 
representations, Widder has also studied those which can be expressed by 
series expansions of different kinds. With Rosenbloom, in [lo], he derives 
criteria for representing solutions of the heat equation in series of heat 
polynomials and of their Appell transforms. To this end, appeal is made to the 
well-known fact, established by Appell in [I], that if U(X, t) E H for a < t < b, 
then its Appell transform 
A[u(x, t)] = k(x, t) u ($ , - f) E H for - $ < t < -- $ . 
A subclass H* of H, important to the theory, is introduced as follows: U(X, t) 
is said to belong to H* for a < t < b if, for every pair t, t’, a < t’ < t < b, 
u(x, t) = jm h(x - y, t - t’) u( y, t’) dy, w-3 
-a2 
the integral converging absolutely for all X. The heat polynomials Q(X, t) 
defined by 
h/z1 
z&(x, t) = n! 1 
y&k tk 
L=. (n - 2k)! z ’ 
n = 0, I,..., (11) 
and their Appell transforms denoted by 
%a(% t> = &L(% t)l, n = 0, l,..., (12) 
are readily shown to belong to H*, the former for all t, and the latter for 
positive t. The authors then establish that a necessary and sufficient condition 
for U(X, t) to be expandable in the series 
(13) 
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an = n! 2” -4 u(x, 
- t) w,(x, t) dx, O<t<a, 
--m 
or the complex one, 
1 m 
aTI =iir(@ s u(ix, t) w,(x, t) dx, o<t<a. --m 
For the expansion in terms of the w,(x, t), a result derived is that 
24(x, t) = i: b,wn(x, t), t>a>o, (14) 
, n=o 
iff 
U(X, t) = & j”, ei”“-“““4(r> dy, o<t<co, (15) 
where 4 is an entire function of growth (2, U) and b, = +cn)(0)/n!(- 2i)%, 
n = 0, 1, 2 ,... . A criterion more closely parallel to that in the case of the heat 
polynomials is that a necessary and sufficient condition that the representation 
(14) hold is that U(X, t) E H* for t > B 3 0 and that 
I m i +, 9 exZJat dx < CO, a<t<co. --m 
The coefficients b, have the determination 
b, = A jm u(x, t) s(x, - t) dx, O<t<co. -co 
Analogous conditions for the validity of expansions in terms of z)~(x, t) and 
w,(x, t), when the convergence is taken in the L2 sense, are also established. 
Further, in [18], Widder extends the results of the series expansions to the 
heat equation in n-space variables, in which case it turns out that the poly- 
nomial solutions are factorable into polynomials in one space variable. A 
condition of a different nature for the validity of the expansion (13) is given in 
[19], where Widder proves that a necessary and sufficient condition that a 
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temperature U(X, t) be representable in the form (13) in the strip / t / < u, 
co < x < co is that it 
jt/<o,,x,<o.H h 
equals its Maclaurin expansion in the square 
e s ows further that there exists a temperature U(X, t) 
which is equal to its Maclaurin series for 1 t j < G and which reduces tof(x) 
for t = 0 iff f is entire of growth (2, l/40). 
In [9], Poritsky and Powell introduce special solutions of the heat equation 
defined by 
TJX, t) = 2 j” K(x, t - y)S dy, t > 0. 
0 
Widder defines the related functions 
and in [21], establishes that a necessary and sufficient condition that U(X, t) 
have the expansion 
u(x, t) = f {&J&G t) + b,U,(x, t)>, O<t<a, (18) 
?l=O 
is that 
4x, t> = j; 4% + Y, Of(y) 4, O<t<a, (19) 
where f is entire of growth (2, 1/4a) and a, = f@“+l)(O)/2, b, = j@“)(O)/2, 
n = 0, 1, 2 )... . Criteria for the validity of the representation (18) for all 
positive t with the coefficients suitably restricted are also given both in terms 
of (19) and in terms of the Laplace transform of U(X, t). 
The functions 8,(x, t) (1 l), zu,(x, t) (12), Tn(x, t) (16), and UJx, t) (17) 
all have the property of being homogeneous in the sense that a temperature 
u(x, t) is homogeneous of degree tl if u(hx, h2t) = X%(X, t), h > 0. Widder [24] 
undertakes a systematic study of all homogeneous temperatures of integral 
degree and develops criteria for the representation of solutions of the heat 
equation in series of these. He defines, for n = 0, l,..., the functions 
%(X, t) = jm 4x - Y, t) yn dy, t > 0, --<x<co, (20) -co 
and 
V,,(x, t) = jym e-sar+tysyn dy, t < 0, -co<x<o3, (21) 
409/41/I-12 
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homogeneous of the first kind, the former of degree n and the latter of degree 
- n - 1, and the functions 
4,(x, t) = 2 j” Wx + y, f) yn dy, t > 0, --<x<~, (22) 
0 
and 
H,(x, t) = 2 1,” e-x~+ty2yn dy, t (0, --<x<co, (23) 
homogeneous of the second kind, the former of degree n and the latter of 
degree - 1z - 1. The r~~(x, t) as defined by (20) are the heat polynomials (11). 
A duality between homogeneous solutions of negative degree on the one hand 
and those of positive degree on the other is effected by the Appell transforma- 
tion A, since 
and 
A[V,(x, t)] = (- 1)” 2-“-%,(x, t) (24) 
A[H,(x, t)] = 2-+%,(x, t). 
Widder proves that a function U(X, t) has the expansion 
(25) 
u(x, t) = f %P,(x, t), o<t<u, 
?I=0 
or the expansion 
u(x, t) = f 4,(x, 0, O<t<o, 
n=O 
iff 





f‘(x, t) = 2 jm k(x +Y, t) 4(y) dy, 
0 
(29) 
respectively, where in each case 4 is an entire function of growth (2, l/40), 
and a, = $(“)(O)/n!. Correspondingly, for homogeneous functions of negative 
degree, he establishes that a function U(X, t) has the expansion 
up, q = 2 %V,(% 0, - co<t<-u~o, (30) 
Vl=O 
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or 
u(x, t) = f 4JL(x, t), - co<t<--uoo, (31) 
?I=0 
iff 
u(x, t) = jm e--zy+@ c# y)dy (32) 
--m 
or 
u(x, t) = 2 1,” e-“y+tq(y) dy, (33) 
respectively, where in each case 4 is an entire function of growth (2, u), and 
a, = p’(O)/n!. An It a ernative set of criteria for each of the expansions (26), 
(27), (30), and (31) is given, but these essentially are conditions on U(X, t) 
which guarantee the integral representations (28), (29), (32), and (33), 
respectively. 
The foregoing review by no means exhausts Widder’s extensive work on 
the heat equation. Indeed, he has investigated temperatures on the semi- 
infinite as well as on the infinite rod and has studied various transforms 
related to the heat equation not included here. His contributions have been 
applied by others, including, for example, the author, who, partly in collabora- 
tion with Cholewinski, has extended many of the Widder results to various 
generalizations of the heat equation, such as the generalized heat equation 
(i%d/W) + (24x) (au/ax) = au/at ( 1 a so studied by Bragg), the Laguerre heat 
equation 
x g u(x, t) + (ci + 1 - x) ; u(x, t> = ; u(x, t) 
and its dual, the Laguerre difference heat equation 
(n + 1) u(n + 1, t) - (2n + 01 + 1) u(n, t) + (fz + IX) u(n - 1, t) = f u(n, t). 
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